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Abstrat
In his paper (St1), R. Stanley nds a nie ombinatorial formula for
haraters of irreduible representations of the symmetri group of ret-
angular shape. Then, in (St2), he gives a onjetural generalisation for
any shape. Here, we will prove this formula using shifted Shur funtions
and Juys-Murphy elements.
1 The main theorem
In this artile, we will think of S(n) as the group of permutations of {1, . . . , n}
so there are anonial embeddings of Sk in Sn (n ≥ k). The deomposition in
yles with disjoint supports of an element σ ∈ S(n) will play a entral role, so
we will denote by C(σ) the orresponding partition of {1, . . . , n}.
A partition of n is a weakly dereasing sequene of integers of sum n. The
irreduible representations of S(n) are anonially indexed by partitions λ of
n (denoted λ ⊢ n) and χλ is the notation for the assoiated harater. For
µ ∈ S(k) and λ ⊢ n, we will look here at the normalised harater, dened by :
χ̂λ(µ) =
n(n− 1) . . . (n− k + 1)χλ(µ)
χλ(Idn)
,
where we have to identify µ with its image by the natural embedding of S(k)
in S(n) to ompute χλ(µ).
Let m be a positive integer.
• If p = (p1, . . . , pm) and q = (q1, . . . , qm) with q1 ≥ . . . ≥ qm are two
sequenes of positive integers, we will denote by p× q the partition :
(p× q)i =

q1 if 1 ≤ i ≤ p1;
q2 if p1 + 1 ≤ i ≤ p1 + p2;
.
.
.
qm if p1 + . . .+ pm−1 + 1 ≤ i ≤ p1 + . . .+ pm;
0 if i > p1 + . . .+ pm.
• Take an element of S(k) and assign to eah of its yle an integer between
1 and m. The set of suh oloured permutations (formally of pairs (σ, ϕ),
1
σ ∈ S(k) and ϕ : C(σ) → {1, . . . ,m}) is denoted by S(k)(m). Note that ϕ
an also be seen as a funtion {1, . . . , k} → {1, . . . ,m} invariant by ation
of σ. Given a oloured permutation (σ, ϕ) ∈ S(k)(m) and a non-oloured
one µ ∈ S(k), we an dene their produt (but it doesn't dene a right
group ation) by (σ, ϕ) · µ = (σµ, ψ) where,
if c ∈ C(σµ), ψ(c) = max
a∈c
ϕ(a). (1)
We an now give the formulation of the main theorem of this artile, whih was
onjetured by Stanley in (St2) :
Theorem 1 Let k,m be positive integers, µ ∈ S(k). For any sequenes p, q of
m positive integers (q being non-inreasing), we have
χ̂
p×q(µ) = (−1)
k
∑
(σ,ϕ)∈S(k)(m)
 ∏
b∈C(σ)
pϕ(b)
∏
c∈C(σµ)
−qψ(c)
 , (2)
where ψ is dened by (1).
The ase m = 1 and the equality of highest degree terms (as polynomials in
p and q) have already been shown, respetively by R. Stanley in (St1) and A.
Rattan in (Ra2).
In setion 2, we introdue some useful objets and results, whih we will use in
setion 3 to prove this theorem.
2 Useful objets
2.1 Stabilizers
The omposition i ◦ τ denes a right ation of the symmetri group on the
sequenes of integers between 1 and m of length k. If i is suh a sequene, we
will denote by Stab(i) the stabilizer of i (that is to say the set {τ, i◦ τ = i}) and
by δ
i
its harateristi funtion :
δ
i
(σ) =
∑
s∈Stab(i)
δσs−1 ,
where δσ = 1 if σ = Id and 0 else. We will use the following easy properties :
• Stab(i ◦ τ) = τ−1 Stab(i)τ .
• |{τ, i ◦ τ = j}| is either 0 or | Stab(i)|.
• Any sequene j is in the orbit of exatly one non-inreasing sequene.
2.2 Young basis
As usual, we draw a partition λ ⊢ k as a Young diagram (λ1 squares in the
rst line, λ2 in the seond, and so on, all the lines are left justied). A Young
standard tableau of shape λ (their set will be denoted Y ST (λ)) is this Young
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diagram, lled with the numbers from 1 to k, suh that all lines and all olumns
are inreasing. It is well-known that the dimension of the representation asso-
iated to λ is the ardinal of Y ST (λ). We reall here the onstrution of a basis
indexed by these objets :
Let λ be a partition of k and Wλ be the irreduible assoiated S(k)-module
(dened up to isomorphism). There exists on Wλ an unique S(k)-invariant
salar produt (the uniqueness is only true up to multipliation by a positive
real number, but we will x it for the end of the artile). We will dene by
indution the Young orthonormal basis of Wλ. For W(0), we have only one
hoie up to multipliation by a salar. Then, we use the branhing rule (see
(Sa), theorem 2.8.3 for example) : as S(k − 1)-module, we have
Wλ ≃
⊥⊕
λ′⊢k−1
λ′≤λ
W ′λ,
where the inequality λ′ ≤ λ is meant omponent by omponent (we will denote
the two onditions by λ′ ր λ). The union of the Young orthonormal basis for
eah Wλ′ is an orthogonal basis of Wλ. Multiplying eah vetor by a salar,
we obtain an orthonormal basis (we have a hoie of unitary salar to do but
it doesn't matter). It is lear that the elements of the Young basis for Wλ are
indexed by sequenes
λ0 = (0)ր λ1 ր . . .ր λk−1 ր λk = λ,
or, equivalently, by Young standard tableaux of shape λ. We an denote this
basis (vT )T∈Y ST (λ).
As it is an orthonormal basis, we an use it to ompute the harater :
∀s ∈ Q[S(k)], χλ(s) = trWλ(s) =
∑
T∈Y ST (λ)
〈s · vT , vT 〉. (3)
2.3 Juys-Murphy elements
The following elements of the symmetri group algebra, introdued by A. Juys
and G. Murphy (see (Ju) and (Mu)), play a very important role in the proof of
the theorem :
∀i ≤ k, let Ji = (1i) + (2i) + . . .+ (i− 1i).
These elements are very interesting beause :
1. The produts of dierent Juys-Murphy elements have a nie ombinatori
expression in the symmetri group algebra.
2. They are diagonal operators in the Young basis.
3
2.3.1 Combinatoris of produts of Juys-Murphy elements
We will need in setion 3 the following result :
Lemma 2.1 For every integer k and every set of variables (Xj)1≤j≤k, we have
:
X1 (X2 − J2) . . . (Xk − Jk) = (−1)
k
∑
σ∈S(k)
 ∏
c∈C(σ)
−Xmin(c)
 σ. (4)
Proof : we will prove it by indution over k, using the natural embedding of
S(k − 1) in S(k). The ase k = 1 is obvious.
Let k > 1 and σ ∈ S(k). We will look at the oeient of σ in the left side of
the equality (4). Using the indution hypothesis, one an write :
X1 (X2 − J2) . . . (Xk − Jk)
=
(−1)k−1 ∑
σ′∈S(k−1)
 ∏
c∈C(σ′)
−Xmin(c)
 σ′
 (Xk − Jk) ;
= (−1)k
∑
σ′∈S(k−1)
 ∏
c∈C(σ′)
−Xmin(c)
 (−Xk)σ′
+(−1)k
∑
σ′∈S(k−1)
k−1∑
j=1
 ∏
c∈C(σ′)
−Xmin(c)
σ′(jk). (5)
We distinguish two ases :
• σ xes k. It is the image of a permutation σ′ ∈ S(k − 1) by the natural
embedding. So, the oeient of σ in (5) is
(−1)k
 ∏
c∈C(σ′)
−Xmin(c)
 · (−Xk).
Looking at the yles of the two permutations, we see that:
C(σ) = C(σ′) ∪ {k}.
So we have our result in this ase.
• Else, let j = σ−1(k), so that σ an be written as σ′(jk) and this is the
only ontribution to the oeient of σ in (5). Thus σ appears with the
salar :
(−1)k
 ∏
c∈C(σ′)
−Xmin(c)
 .
But the yles of σ′ are the same as the yles of σ, expeted that we
have removed k in the yle whih ontained it (this yle ouldn't be the
singleton {k}). So the lemma is proved.
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2.3.2 Ation on Young basis
Denition 2.1 The ontent of the j-th box of the i-th line of a Young diagram
is by denition the dierene j − i. If T is a standard tableau with k boxes and
1 ≤ a ≤ k, we will denote by cT (a) the ontent of the box ontaining the entry a.
We an now state the following result, also due to A. Juys and G. Murphy.
Lemma 2.2
∀i ∈ {1, . . . , k} and T ∈ Y ST (λ), Ji(vT ) = cT (i)vT . (6)
A proof an be found in [Ok2℄.
Remark : an example of appliation of these two properties of Juys-Murphy
elements is the well-known formula :
dim(λ)
∏
∈λ
(X + c()) =
∑
s∈S(k)
χλ(σ)X
|C(σ)|.
2.4 Shifted Shur funtions
The other important objets in this paper are shifted Shur funtions. The de-
nition 2.2 and the theorem 2 an be found in A. Okounkov's and G. Olshanski's
artile (OO) :
Denition-Proposition 2.2 Let λ be a partition of k. We dene the λ shifted
Shur polynomials as
s⋆λ(x1, x2, . . . , xl) =
det
(
(xi + l − i)λj+l−j
)
1≤i,j≤l
det ((xi + l− i)l−j)1≤i,j≤l
,
where (r)t = r(r − 1) . . . (r − t+ 1). We an state that :
s⋆λ(x1, x2, . . . , xl, 0) = s
⋆
λ(x1, x2, . . . , xl),
so s⋆λ is an element of the algebra of polynomials in ountably many variables
(symmetri in x1 − 1, x2 − 2, . . .).
2.4.1 Link with haraters
As suggested by A. Rattan in his paper (Ra1), where he gives a new easier proof
of the ase m = 1, we will use the following theorem :
Theorem 2 (A. Okounkov, G. Olshanski) For any integers k ≤ n, permu-
tation µ ∈ S(k) and partition ν ⊢ n, we have :
χ̂ν(µ) =
∑
λ⊢k
χλ(µ)s
⋆
λ(ν).
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2.4.2 A new formula
The new idea in this paper is to write s⋆λ(ν) as the harater of an element of the
symmetri group algebra. We will be able to do this, thanks to this expression
of shifted Shur polynomials, whih was pointed to me by P. Biane and an
be found in A. Okounkov's paper (Ok1) (see (3.28) together with (3.34)) : for
λ ⊢ k,
s⋆λ(ν) =
∑
T∈Y ST (λ)
∑
i1≥i2≥...≥ik≥1
1
| Stab(i)|
·
 ∑
s∈Stab(i)
〈s · vT , vT 〉νi1 (νi2 − cT (2)) . . . (νik − cT (k))
 . (7)
Let, for k ≥ 1 and ν ⊢ n with n ≥ k, Skν be the following element of Q[S(n)] :
Skν =
∑
i1≥i2≥...≥ik≥1
∑
s∈Stab(i)
s
| Stab(i)|
νi1 (νi2 − J2) . . . (νik − Jk) , (8)
Now, we an establish a new formula for shifted Shur polynomials.
Theorem 3 If λ ⊢ k and ν ⊢ n,
s⋆λ(ν) = χλ(S
k
ν ). (9)
Proof : Let's write the formula (3) for Skν .
χλ(S
k
ν ) =
∑
T∈Y ST (λ)
〈Skν · T, T 〉.
The lemma 2.2 implies that, for any standard tableau T , any sequene i1 ≥ i2 ≥
. . . ≥ ik ≥ 1 and any s ∈ Stab(i), we have
[νi1 (νi2 − J2) . . . (νik − Jk)] · vT = [νi1 (νi2 − cT (2)) . . . (νik − cT (k))] vT ;
[s · νi1 (νi2 − J2) . . . (νik − Jk)] · vT = [νi1 (νi2 − cT (2)) . . . (νik − cT (k))] s · vT .
Now, taking the salar produt with T and summing over T , i and s, we nd that
χλ(S
k
ν ) is exatly the right member of the equality (7), so the theorem is proved.
The element (8) might be very interesting to study to obtain results on
shifted Shur funtions. Here, we will look at the sum of the oeients of
permutations in the same onjugay lass as µ.
2.5 Orthogonality relations of the seond kind
In this paragraph, we will get from the orthogonality formula for irreduible
haraters an other relation. This an also be found in (Sa), thm 1.10.3. The
lassial formula an be written the following way : for any partitions λ and λ′
of k, we have ∑
C
|C|
|G|
χλ(C)χλ′ (C) = δλ,λ′ ,
6
where the sum is taken over all onjugay lasses of S(k). So we an reformulate
it, saying that the square matrix(
χλ(C)
√
|C|
|G|
)
λ⊢k
C .. of S(k)
is unitary. Looking at its rows, we have the following formula for any onjugay
lasses C and C′: ∑
λ⊢k
√
|C| · |C′|
|G|
χλ(C)χλ(C
′) = δC,C′ .
If µ and σ are in the same onjugay lass C, there are exatly |G||C| permutations
τ ∈ S(k) suh that τµτ−1 = σ (and of ourse there aren't any if they are in
dierent onjugay lasses), so we an rewrite the previous equation under the
form : ∑
λ⊢k
χλ(µ)χλ(σ) =
∑
τ∈S(k)
δτµτ−1σ−1 . (10)
This formula an of ourse be extended by linearity in σ to the group algebra
Q[S(k)].
∑
λ⊢k
χλ(µ)χλ
 ∑
σ∈S(k)
cσσ
 = ∑
τ∈S(k)
∑
σ∈S(k)
cσδτµτ−1σ−1 . (11)
3 Proof of Stanley's onjeture
As it is notied in Stanley's paper (St2), one an redue the onjeture to the
ase p1 = . . . = pm = 1. Indeed, one an hek easily that both sides of the
equation (2) verify the following funtional equation in p and q :
F (p,q)|qi=qi+1 = F (p1, . . . , pi + pi+1, . . . , pm, q1, . . . , qi, qi+2, . . . , qm).
In this ase, the partition ν = 1m × q is simply given by νi = qi if 1 ≤ i ≤ m
and νi = 0 else.
As mentionned earlier, we will use theorems 2 and 3 to get the following
expression of the normalised harater :
χ̂1m×q(µ) =
∑
λ⊢k
χλ(µ)χλ(S
k
1m×q). (12)
The lemma 2.1, applied to Xj = qij gives a nier expression of S
k
1m×q :
χ̂1m×q(µ) = (13)
(−1)k
∑
λ⊢k
χλ(µ)χλ
 ∑
m≥i1≥i2≥...≥ik≥1
∑
s∈Stab(i)
s
| Stab(i)|
∑
σ∈S(k)
 ∏
c∈C(σ)
−qimin(c)
σ
 .
7
We now use the orthogonality relation (11) and obtain :
χ̂1m×q(µ) = (−1)
k
∑
τ∈S(k)
∑
m≥i1≥i2≥...≥ik≥1
1
| Stab(i)|
·
 ∑
σ∈S(k)
 ∏
c∈C(σ)
−qmax
c
i
 ∑
s∈Stab(i)
δτµτ−1σ−1s−1

(14)
As σ 7→ τστ−1 denes a bijetion of the symmetri group into itself, we an
replae σ by τστ−1 in the seond line of the previous equation.
χ̂1m×q(µ) = (−1)
k
∑
τ∈S(k)
∑
m≥i1≥i2≥...≥ik≥1
1
| Stab(i)|
·
 ∑
σ∈S(k)
 ∏
c∈C(τστ−1)
−qmax
c
i
 δ
i
(τµσ−1τ−1)

(15)
χ̂1m×q(µ) = (−1)
k
∑
τ∈S(k)
∑
m≥i1≥i2≥...≥ik≥1 1
| Stab(i ◦ τ)|
∑
σ∈S(k)
 ∏
c∈C(σ)
−qmax
c
i◦τ
 δ
i◦τ (µσ
−1)

(16)
Now, we an see that the expression in the brakets depends only on the sequene
i◦τ . Eah sequene (j1, . . . , jk) of integers between 1 andm (but not neessarily
non-inreasing) an be written as | Stab(j)| dierent ways as i◦τ , where i is non-
inreasing and τ ∈ S(k) (in all these writings i is the same but τ an be hosen
among | Stab(j)| = | Stab(i)| permutations). So we have :
χ̂1m×q(µ) = (−1)
k
∑
1≤j1≤m
.
.
.
1≤jk≤m
∑
σ∈S(k)
 ∏
c∈C(σ)
−qmax
c
j
 δ
j
(µσ−1); (17)
χ̂1m×q(µ) = (−1)
k
∑
σ∈S(k)
∑
j xed by µσ−1
 ∏
c∈C(σ)
−qmax
c
j
 . (18)
Note that the sequenes of integers between 1 and m xed by a permutation
are exatly the olourings of its yles in m olours (the olour of a yle is the
ommon value of j on its elements). So, if we hange the index of the sum over
S(k) putting σ′ = σµ−1, we an write :
χ̂1m×q(µ) = (−1)
k
∑
σ′∈S(k)
∑
j suh that
(σ′,j) ∈ S(k)(m)
 ∏
c∈C(σ′µ)
−qmax
c
j
 , (19)
whih is exatly (2) in the ase p1 = . . . = pm = 1.
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